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Certain Triply Orthogonal Systems of Surfaces. 

By L. P. Eisenhart. 



In a former paper* we have discussed the surfaces which have the same 
spherical representation of their lines of curvature as pseudospherical surfaces, 
and for convenience of reference have called them the -4,-surfaces. This paper is 
devoted to the study of triply orthogonal systems in which all the surfaces in 
one family are ^.-surfaces ; we shall refer to them as A-sy stems. 

In §1 we recall the general equations of condition for a triply orthogonal 
system, first found by Lame, and the formulas which give the expressions for the 
fundamental functions of the surfaces of a system. These are applied in §2 to 
the special case of ^.-systems, and it is found that there are three conditions to 
be satisfied by the spherical representation of the ^.-surfaces of the system, and 
three others by the coefficients of the linear element of space in terms of these 
surfaces. From the definition of .^.-surfaces it is seen that given a surface of this 
kind there is a pseudospherical surface with the same spherical representation of 
its lines of curvature ; we shall say that the latter is the associated pseudospheri- 
cal surface of the former. Given any J.-system ; the spherical representation of 
the associated pseudospherical surfaces evidently satisfies the three conditions 
mentioned above, and one finds that the coefficients of the linear element of 
space in terms of this new system satisfy the other three conditions identically ; 
hence when one has a family of ^.-surfaces satisfying the conditions of Lame, the 
associated pseudospherical surfaces form a family of Lame. This shows that 
all iL-systems can be obtained from pseudospherical systems by the transforma- 
tion of Combescure.f A study of this transformation as applied to ^-systems 
is made in §3, and several particular cases are discussed. 

* Surfaces with the same spherical representation of their lines of curvature as pseudospherical surfaces, 
American Journal, vol. 27, pp. 113-172. 
fBianchi, Lezioni, II, p. 490. 
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In the previous paper* we established certain transformations for J. -surfaces 
which reduce in the case of pseudospherical surfaces to the well-known transfor- 
mations of Bianchi and Backlund. In §4 we determine the conditions to be satis- 
fied in order that a set of transforms of a Lame family of J. -surfaces shall consti- 
tute such a family. It is found that when such a transformation is known for 
one system it can be applied to all systems with the same spherical representa- 
tion. It is likewise shown that these transformations admit of a theorem of 
permutability reducing for pseudospherical systems to the theorem of Bianchi.f 

Weingarten was the first to consider a pseudospherical system in which all 
the pseudospherical surfaces have the same total curvature. The representation 
upon the sphere takes a form of special interest for this case ; it is considered in 
§5 and all ^.-systems with this representation are referred to as Weingarten 
A-systems. The moulure surfaces are ^.-surfaces, and §6 deals with systems in 
which all the surfaces in one system are of this kind ; it is found that in such 
systems a second family also is composed of moulure surfaces. 

In §7 we consider the ^.-systems for which the orthogonal trajectories of 
the family of ^.-surfaces are plane curves. It is shown that so far as the spheri- 
cal representation is concerned this problem is reducible to the systems with 
circular trajectories; a large class of the latter are treated at length. One 
passes then to the consideration of ^.-systems in which one system of the lines 
of curvature on the ^.-surface are plane curves; this occupies §8. §9 deals with 
systems for which the trajectories of the A -surfaces have constant curvature ; all 
of these systems are found to be pseudospherical. 

In another place { we have considered at length the ^.-surfaces with spheri- 
cal lines of curvature in one system. Now we study the J.-systems in which all 
the A-surfaces are of this kind ; the general discussion of this problem and the 
solution of several particular cases form the substance of §10. In §11 those 
^.-systems are discussed in which the surfaces in one family are spheres. 

We have shown before § that certain surfaces discovered by Bianchi are 
^.-surfaces. In §12 we find the conditions to be satisfied in order that all the 
surfaces in one family of a triple system are surfaces of one of the three types 
given by Bianchi, and we determine the forms of the linear element of space 
when such a system is parametric. 

*1. c, p. 148. tl. c,p. 541. 

{Certain Surfaces with Plane or Spherical Lines of Curvature, Americal Journal, vol. 38, pp. 47-70. 
§ Surfaces analogous to the surfaces of Bianchi, Annali, Ser. Ill, vol. IS, pp. 113-143. 
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§1. General Triply Orthogonal Systems of Surfaces. 

Consider space referred to a triply-orthogonal system of surfaces and write 
the linear element in the form 



(1) 



(&» = E?du\ + Eidu\ + H£du\. 



Lame* has shown that the functions E x , H it E 3 must satisfy six equations of 
condition, namely 

310! _ 1 dE z dE x , 1 as, 3,0! 



(2) 



and 



(3) 



3w 2 3% H % du 3 3m 2 
d 2 H 2 _ l 3E 3 dE 2 



+ 



Ha dUn dl 



, J_ dE x 3,03 



3« 3 3«! .03 du x du 3 H x du 3 3w x ' 

d*H 3 .„ 1 dH 1 dH 3+ 1 3ff a 3g 3 

. Sw^Ma -0] 3w 2 3«! .0g 3^i du 2 ' 



0, 



<Lf_L <^A+ d f JL a ^A+ -1 §5 ^ = 

dui^Hy du x J du 2 \E 2 du 2 / E 3 du 3 du 3 

JLfJL ^)+ ASJl ^ + _L ™k *Jk = o 

du 2 \E 2 du 2 J du 3 \E 3 du 3 J E x 2 du x du x ' 

Jy± <^) + A(J_ §^"\ . JL ^§ ^ = o. 

.du 3 \E 3 du 3 J du x \E x du x J E 2 du 2 du% 



Moreover, it can be shown f that these necessary conditions are also sufficient so 
that when three functions are known which satisfy them there is a correspond- 
ing triply orthogonal system and it is unique. 

In the future discussion it will be necessary to have the expressions for the 
principal radii of these surfaces, and also for the first and second curvatures of 
their curves of intersection. If we denote by p 31 the principal radius of curvature 
of the surface u 3 = const, along the curve 11% = const, and similarly for the others, 
we have J 

1 _ 1 dE 2 J__ 1 dE 3 1 _ 1 35i 
P23 
__ 1 

Pl3 



(4) 



P12 
1 



.01.02 du x ' 
1 35, 



E 2 E 3 du 2 ' 
1 dEj 



E X E 3 du x ' p 2 i H 2 E X 3^2 



P32 



E 3 E X 3«3 ' 

1 dE 2 
EoE 9 . du s ' 



*Lefons sur les coordonnes curvilignes, p. 76; Bianchi, Lezioni, II, p. 479. 
| lb. JBianehi, Lezioni, II, p. 482. 
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Again, if the first and second curvatures of the curves of parameter % are denoted 
by - w and -=-, it is found that* 



(5) 



JL — Jl_1__L -1 — J-4-J- JL — _L 4- * 

■"l p21 p31 -"g Pl2 p32 *H P23 pl3 

-1 = 1 A tan- 1 ^, ± = i-A ta n- 1 ^ -1 = -1 A tan" 1 £*. 



§2. Systems with One Family of A- Surfaces. 

We have seen that for a surface #, whose linear element is written in the 
form 

ds 2 = AHu 2 + 2 dv 2 

and the lines of curvature are parametric, to be an ^.-surface it is necessary and 
sufficient that the following equations be satisfied 

, ft v 1 dO _da l3i_ da d 2 a 3 2 a 

(6) ldu--du-> Udt--w 3^-0^ =smocosa - 

In this case the linear element of the spherical representation has the form 

da 2 = sin 2 a du 2 + cos 2 a dv 2 . 
For such a surface to belong to the surfaces u 3 = const, of a triple system a must 
involve u^ and from (6) it follows that A and are determined only to within 
the same factor U s , a function of ^ alone. For each surface of the family this 

function would be a constant, and by replacing du and dv by -^ and ~ respec- 
tively, this function would be made to disappear. Hence, the necessary and 
sufficient condition that the surfaces u s = const, be ^.-surfaces is that iZj and H z 
satisfv the conditions 

/«\ J^ dffi _ eta J_ dE^ da 

H % du z ~~ du% Hx duy ~~ du± 

where a is a function of u 1} u 2) w 3 , satisfying the equation 

d 2 a d 2 a sin a cos a 



(8) 



du 2 du\ ' Ui 



U 3 being an arbitrary function of u 3 , and those equations of condition (2) and (3) 
which are independent of the above. 



* BiancM, 1. c, p. 484. 
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The spherical representation of the lines of curvature of the surfaces 
u 3 = const, is 



(9) 



, a _ sin' a , , cos' a , . 

f>3 



C/, 3 



From this and (1) we have the following expressions for the principal radii of 
the surfaces v^ = const. 

1 sin a 1 _ cos a 

P31 



(10) 



When these expressions are compared with (4), we find that we must have 

_ _ U 3 dE x _ U 3 ZE % 



(11) 



E* 



sin a du 3 cos o du 3 ' 

so that the following condition is to be satisfied 

351 



(12) 



cos a 



-4- sin a -5—^ = . 



3m 3 ' """ *" du 3 
In accordance with this we introduce a function q> defined by 

(13) 



dRi _ . • da dH 2 , da 

~— - = — 4 sm a =-, ~— ? = d> cos a -_— 

CW 3 CW 3 OUa OUn 



M 3 

so that by quadratures and from (11) we have for the fundamental coefficients 
the following expressions 

IZi = $ cos a — / cos a J±- du 3 + F x {u x , u s ), 

Hz = ty sin a — / sin a J±- dv® + F%{v>\ , Wg), 
3o 



(14) 



E 3 = <pU 3 



3m,' 



where the functions F x and .F 2 do not involve u 3 . 

The first of equations (2) can be put in either of the forms 

_3_/J_ 3i?A_ JL_ dHs dH± 
du 3 \H % du% J E 2 E 3 3« a 3m 3 ' 

<L(JL dH i) = 1 dH * dE i 
du 2 \E 3 du 8 J E 2 E 3 du 3 3w 2 ' 
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If the preceding expressions be substituted in these equations, the former 
reduces to 

1 dH 3 _ U 3 d% 



(15) 



H 2 du 2 sin o 3m 2 3m 3 ' 



and the latter vanishes identically. Again, the second of equations (2) takes 

either of the forms 

3 / 1 SJ^A _J_ dH 3 dH 2 

du 3 \H x dv^J -Hi-03 3w a du 3 ' 

3« 1 \jy 3 du 3 J H X H 3 du 3 du x ' 

of which the latter is satisfied identically in consequence of (11) and the former 
is reducible to 



(16) 



1 dH» 



U 3 



"a 



H x du x cos co du Y du 3 
The third of equations (2) can be written in either of the forms 

, 1 dH*\. 
(17) 



3_/JL 3S 3 \ 1 dH 2 dH 3 

du^KSi du x J K\3% 3mj du 2 ' 
_3_/_l_ dB 3 \_ 1 dff t dH 3 



which by means of (15) and (16) can be given the forms 

3/1 3 2 co \ 1 do 3 2 o 



(18) 



9 / 1 3*co \_ 1 So _3 a o_ 
3w 2 \cos o du$u 3 J sin <o 3«! du 2 dv^' 



da 



3*o 



3/1 3 2 o \ 

StfiVsin to du 2 du 3 J cos o 3m 2 3m 1 3w 3 



The first of equations (3) reduces to (8), and the second and third become 
in consequence of (7), (11), (15), and (16) 

L 3o 



(19) 



3/ 1 3*co \ 1 3 / sin o \ . 1 3co 3 a co 
Buncos o du x du 3 J U 3 du 3 \ U 3 J sin co 3w 3 3w 3 3u 3 ' 



3 / 1 3 2 co \ 



3o 3 3 6 



3wAsin co 



3 2 co \_ 1 3 / cosq \ 1 3o 3^co 

du 2 du 3 J U 3 du 3 \ TJ 3 J cos a 3^ SwiS^' 



either of which is a consequence of the other and (8). We see then that co must 
satisfy three equations, namely (8) and one each of (18) and (19). 
23 
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From the preceding discussion it is seen that when o satisfies these equations 
the only other conditions to be satisfied are equations (7) which become in 
consequence of (14) 

3d> , p • da d$ -, P 9 2 d) , . dF, 



(20) 



, C • da d$ , r 3> , . dF x 

„ ^„ a + / sin w ~— ^ aw 3 — / cos o ~ — ^— aw s + -— ■ 

C7U 2 t/ CW 2 dM 3 t/ CM 2 3w 3 3m 2 

+ |['.-/ ,to -^*']= ' 

3^ • /» do 3d> - p . 3 2 d> , , 3i^ 

5^- sin a — I cos a g— ^- du 3 — / sin a _ ^ eftfo + --? 

OMj t/ OU x OU^ »/ d^C^ 3^ 

If these equations are differentiated with respect to u 3 , they become 

da 3* r^ /» . 3d) 7 "I 3 2 o 



sin G) 



^ = .F 3 — /sin (dl J^du s L- - . 
3w 3 c« 2 L v 3m 3 J3m 2 3m 3 

3m 3 3mj |_ * «/ 3% 3 J3mi3m 3 ' 



( 21 ) ;u a* r /* a a i 32, 



which are merely equations (15) and (16) in another form. 

Consider the particular case where d> is a constant which may be taken equal 
to unity. Equations (21) are satisfied if F x and F 2 are zero, and equations (20) 
vanish identically. The linear element (1) reduces then to 

(22) ds* = cos 2 a du\ + sin 2 dug + Wf—^dul 

from which it is seen that the surfaces w 3 = constant are pseudospherical. 
Bianchi has shown* that, when a satisfies equations (8), (18), and (19), the above 
linear element defines the most general triply orthogonal systems of which the 
surfaces u 8 = const, are pseudospherical. Hence the theorem : 

When one family of a triple system is composed of A-surfaces, the pseudospheri- 
cal surfaces with the same spherical representation as the latter form a family of 
another triply orthogonal system. 

Also, 

Systems of lines on the unit sphere which are the images of the lines of curva- 
ture of pseudospherical surf aces forming a system of Lame, and these alone, are the 
spherical representation of the lines of curvature of A-surfaces forming such a system. 

Such a triply-orthogonal system will be called an A-system. 

*Lezioni, II, p. 531. 
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When then there is such a family of lines, there is a great number of corre- 
sponding ^.-systems and their determination requires the solution of the equa- 
tions (20). 

As an example of the foregoing we inquire whether there is an ^.-system 
formed of parallels of pseudospherical surfaces. We have shown* that the 
parallels of such a surface are given by 

i^zrcoso — asino, £f 2 = sinQ-f acoso, 

where a is a constant determining the various surfaces. For the case under con- 
sideration a may involve u 3 . If the above expressions be substituted in equation 
(12), it reduces to 

3d) n 

a — = . 

du 3 

From the expression (14) for H 3 it is seen that o must involve u 3 , so that the 
above equation is satisfied only when a is zero, that is, when the surfaces u 3 = 
const, are pseudospherical. 

§3. Combescure-Darboux Transformations. Particular Solutions. 

From the foregoing discussion it follows that the determination of all the 
J.-systems reduces to the finding of all pseudospherical systems and all systems 
related to the latter in such a way that the normals to the surfaces of the system 
are parallel to the normals to the corresponding surfaces of the pseudospherical 
system. Combescure and Darboux f have considered the problem of finding 
surfaces of Lame which have this correspondence with a given system, and we 
shall apply their results to our particular problem. We shall refer to it as the 
Combescure- Darboux Transformation. 

With Darboux we put for the sake of brevity 

(23) ft, = ^ -%*, 

where i andy are different and assume the values 1, 2, 3. If we denote by X u 
T h Z x ; X%. . ■ ■; X 3 , Y 3 , Z 3) the direction-cosines of the tangents to the curves 
of parameter u u u i} u 3 respectively, it can be shown that J 

g- PkiAi, 

-fi-— — PikX-i — PikX-i, 

• Surfaces with the same, etc., 1. c. p. 123. 

fSur les surfaces orthogonales, Annales de L'Ecole Normale, ser. 1, Vol. 3, p. 114. 

JLame, 1. c, p. 74; Bianchi, Lezioni, II, p. 494. 
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where i, h, I are different and take the values 1, 2, 3. In terms of the functions 
|3 the equations of Lame (2) and (3) are expressed as follows: 

aft* 



du t 



PkiPli ) 



If a triple system is given, the corresponding functions (3 are given by (23) and 
the determination of the transformation requires the solution for H lt H 2) H 3 of 
the six equations (23) after the functions (3 have been given the calculated 
values. When the system is pseudospherical, the forms of H lt H 2 , H 3 are as 
given by (22), so that the determination of the Combescure-Darboux transforms 
of a pseudospherical system requires the solution of the equations 

1 dH x sin a 

TT 7\n. nil.. TT /nil flin /.\ nii.nit. 

(24) 



1 dH 2 __ da 


1 dH 3 _ U 3 3 2 « 
H 2 du 2 sin a du z du 3 ' 


1 dH x _ _ 9« 
H 2 9m 2 du 2 


1 dH % cos o 

H 3 du 3 U 3 



H 3 du 3 U 3 



1 dH, Ua d 2 a 



H x 9% cos a dujdu 3 

These are the very equations of condition which we have found by the first 
method. 

If we eliminate H x and £T 2 from the above equations, we are brought to the 
following triple system to be satisfied by H 3 : 

d*H 3 _ V do dH 3 W do dH 3 



(25) 



du x du 2 W du x du x V du 2 du 2 ' 



where for the sake of brevity we have put 

(26) F = -J-JS-, W = -±-J%-. 

v ; sm a ou 2 ou 3 ' cos « au x du 3 

In consequence of the equations (8), (18), and (19) the conditions of integrability 
of the above equations are satisfied, and it is readily seen that the general solu- 
tion of this system involves three arbitrary functions. The only question then 
as to the existence of ^.-systems comes back to the question as to the existence 
of a function a satisfying equations (8), (18), and (19). This problem has been 
attacked by Bianchi in seeking to establish the existence of pseudospherical 
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systems of Lame and he has not only proved that they exist but has given an 
idea of the degree of arbitrariness in the expression for a.* 

When a solution H 3 of equations (25) is known, the corresponding functions 
J9i and H z are given directly by (24). When the values of X i} Y t , Z { are known, 
the cartesian coordinates of space referred to the system corresponding to a 
given set of solutions of (24) are found by quadratures; namely 

dx = 2 HiXi dut , dy = 2,H i Y i du t , dz=2 H^ du ( . 

If we substitute the expression for H z given in (14) in equations (25), they 
can be reduced to 

da d 2 ty . m /. yjrj- da da \ 3d> 
ou 3 o« 1 om 3 \ C7«i ou 3 / ou x 

+ Wcoso>F + *°**)*t =0 

\ au % ou 3 J ou 2 ' 



(27) 



da 
d 2 <p d , du 3 3$ cos a W 3<ft _ 



3^3% 3w 3 ° TT 3«i 3o 3^ 

3 S $ , 3 . 3w 3 3$ , sin a F 3ft __ 

du«dv,o *" 3«q ° HF 3m 2 3u 3t% ~~ * 



7«s 



These equations can be derived readily from equations (20) and (21). We 
shall consider now several particular cases for which equations (27) take more 
simple forms. 

It is seen that the above equations are satisfied when ft is a constant, and it 
was seen that if F 1 and F 2 are zero at the same time the system is pseudospherical. 
We inquire whether the latter is the only solution of this kind. For ft, a 
constant, equations (21) reduce to 

p d a " _ F jffg _ 

1 du x du 3 ' 2 du 2 du 3 

From (18) it follows that if ^ — ^— is zero so also is >. _ or =— . The former 
' au 2 ou 3 au x ou 3 ou 2 

leads by means of (19) to 

3 cos a _ 3 sin a 

3m 3 U 3 ~ du 3 U 3 ~~ ' 

*Lezioni, II, p. 532 et seq. 
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from which we have 

cos o = U s f («!, u 2 ), sin a = U 3 f (u 2 , w 3 ), 

where the functions f and / 3 do not involve u 3 . This shows that U 3 is a con- 
stant and then a would be independent of u 3 , which we have seen to be im- 
ps 

possible. The only other possibility then is that F x and ^ — are zero, in which 

case F % is an arbitrary function of u 2 alone, as is seen from (20). Hence the 
theorem : 

The function <p is constant for pseudospherical systems and for certain systems 
for which F 1 or F % is zero, and F t a function of u % alone, or F x a function of u x alone 
respectively ; and these are the only cases. 

We inquire now whether q> can be a function of u 3 alone. From the second 
and third of equations (27) we see that in this case we must have 

d z a _ d 2 a _ 
3mj du 3 du z du 3 

This has been seen to be impossible, hence the function q> must involve one of the 
parameters u lt u 2 or be a constant. 

This suggests finally the inquiry as to whether $ can be independent of u 2 . 
From the third of equations (27) we have 

-*°- = 

du 2 du 3 ' 

in consequence of which the first of these equations is satisfied identically and $ 

must be an integral of the second. We have seen that the above condition is 

p. 

equivalent to the vanishing of ~— . The converse also is true, so that we have 

the theorem : 

If one of the functions ty and a is independent of u x or u 2 , so also is the other. 

§4. Generalized Backlund Transformations of A- Systems. 
In our previous discussion* of ^.-surfaces we have established a transforma- 
tion of these surfaces which reduces for the pseudospherical surfaces to the 
Backhand transformation. It may be defined as follows : Given an ^.-surface 
and a solution 6 of the system 

/ dd . da \ . n _ n • 

sin a ( -~ h -~ — ) = sin cos a — cos a cos o sin a, 

KoUi ou 2 J 

/ dd , da\ a . . . a 

sin a ( -^ f- -o — J = — cos sin a + cos a sin d cos u, 

* Surfaces with the same etc., 1. c. p. 148. 
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where a is a constant. In the tangent plane to S draw the line through the 
point of contact which makes the angle 6 with the tangent to the curve 
w 2 = const, through the point. The plane which cuts the tangent plane along 
this line and under the angle a envelopes another ^.-surface for which the 
spherical representation of the lines of curvature is 

da\ = sin 2 du\ + cos 3 du\. 

We are now going to consider an J.-system and determine the conditions to be 
satisfied in order that the transforms of the ^.-surfaces form part of a second 
triple system. 

Just as equations (6) had to be given a more general form, namely (7) and 
(8), in the case of triple systems, so likewise the equations for the determination 

of take the form 

/ 30 . da \ . . 
x "3 r "5 — I = sin cos o — cos a cos sin u, 

(28) )% d ^ 

/ 30 , 3o \ . 

% ( -p. f- -o — 1 = — cos sin a + cos a sin cos a, 

where we have put ^ . 

r x = U 3 sm a, 

from which it follows that at most x is a function of u 3 . We denote by x x y x , z x 
the coordinates of the point of tangency on the transform, by (i the distance from 
this point to the line of intersection of the two planes and by A the distance 
from the foot of this perpendicular to the point of contact of the given surface S. 
From the expressions for ^ and p as found in the case of the transformation of a 
single surface* we have for the present case 

2, = x (H x cos a + iJ 2 sin a), 
y. = x ( — E x sin o + H z cos a). 

Hence we have for the coordinates of the transform 

x t =■ x + (X cos 6 — (i cos a sin 0) X x + (/I sin + (i cos a cos 0) X 2 — ,« sin cJf, 

and analogous expressions for y x and z x , X,, X 2 , X 3 having the interpretation 
previously defined. From (23') and the expressions for the functions /? given by 
(23) and (24) we find readily 

dX x _ do^ T sin o dX x _ da^ „ dX x _ 1 dH s 

du 1 -du i JL *+ Us 3 ' duj~du~ x z > d^-J^du^**' 
3X 2 _ da 3X 2 _ do_ „ cos o „ 3X 2 _ 1 dH 3 



3^ 3w 2 *' du z du x 1 U 3 3 ' 3m 3 " ZT a 3w 2 

=> *■- -'« « px^ _ oobo 3X3 _ iaj 37 x .1, 



du x - ~ U 3 ~ 1} du, - U 3 ^' du 3 H x du x ^~ H 2 W % ^' 

*1. c. p. 150. 
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If we make use of these relations in our calculation of the differential quotients 
of %! and for the sake of brevity put 



dHi „ 3g> dH t „ 3u 

P ~ 3wj 2 du x ' V ~~ du 2 1 du % 



we find 



+ r „ -~-± \X X + — (A, cos cos cr — /« sin 0) g [- x cos cr cos 0- 



-g-^ = — jc 2 i> -f A, cos — [i cos (T sin (cos cos a + cos c sin sin w) JTx 

+ (sin cos 6) — cos cr cos sin a) X 2 + sin a sin o> X 3 L 
-~-^- = — \x 2 q + /I sin + (i cos cr cos (cos sin a — cos cr sin cos w)Xj 

+ (sin sin a + cos cr cos cos o) X 2 — sin a cos u X 3 , 

3xi r,. . /, m 3o . H 3 

g-^ = (X sin cos tf +/«cos0) g xcoscrsm0 -w- 

v *" y (a sin + (u cos a cos 0) g— + (a cos — ^ cos a sin 0) g g 

+ (A> cos — ft cos cr sin 0) -~ 1- (a sin + a cos cr cos 0) a 

. u sin cr 35" 3 ]„ . [„ . , ,, fl . m 1 dH 2 

+ Va^J !+ r +( ° ^ COSOSI } ^^ 

,/«•/!. ml 3-Si ■ * • do 31ogx~] r 

+ (>l sin + /* cos cr cos 0) w -g- + Jl sin a g- (U sm cr g I -i 3 • 

From these expressions it is readily found that 

_3oi 93?! _ Q 
ditu du 2 ' 

and by direct calculation we find that 

Sdx, dx, tt , » , * a a\{ S&) <^ . sin G cos ^ ^-Sg 

^^=F 2 (K + ^os0-^cosacos0)^-co S <T aM3 +— ^-"^- 

sin a sin 9-5" 3 H% 3 logx ~| 
+ H 9 du,~ H x du 3 J' 

v-t dx* dx, „ , . . . . Q , . m r da 30 sin <r cos 3J? 3 

S^a^ = -^^ + ^ m0 + ^ COSffSin ^La^- cosa ^3 +_ ^r~"^ 

( sing sin 3-S" 3 ^ 3 logx ~j 
+ H 2 ~du 2 + Hz 3w 3 J' 
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From these expressions and the above for ^-i and ^—^ it follows that for the trans- 

QUx on*, 

formed system to be triply orthogonal it is necessary that the expressions in the 

brackets vanish. These equations lead to 

3 log x _ 
3m 3 "~ ' 
from which it follows that x is a constant, and to 

dd sin a cos 6 dH 3 sin a sin 6 dH 3 do 

du 3 -H^ du x H % 3% 3% 

which must be satisfied by in addition to (28). By means of equations (15) 
and (16) this equation can be given the form 

/oa n dO xcosO 3 2 o) , xsin0 3 2 u , do 

( oOl cos a 5— = 5 — 5 — — = 5 — ^ — ^ 5 — . 

dw 3 cos a oUiOUz sin o dw 2 dw 3 ' dw 3 

It is important to note that equations (28) and (30) involve only o, a, x, 
and hence Q does not vary with the Combescure-Darboux transformation. We 
have then the theorem : 

Whenever a function 6 is known which transforms a given A-system into a simi- 
lar system, the same function determines a like transformation for all the Combescure- 
Darboux transforms of the given system. 

In consequence of (30) the expression for ~ can be reduced to 

du 3 

dx r dd U 3 2 a 

g— x = ^sincr o — r-cos<7iT 3 + (^ cos $ cos a — us'md) — — ^—^ — (- (a, sin 6 cos a 

ou 3 |_ 3w 3 d v r ' cos a au^u 3 v 

jj 3 3 o "I 
+ ^ cos ^siiu) dudu (~ sin cr sin 0XJ+ sin <r cos 0-Za+ cose X 3 ). 

For the linear element of space referred to the transformed system we find from 
the above 

d> s i — — {x z p + a cos d — ji cos a sin Bf du\ + — w (x 2 q ■+■ a sin 6 + ^ cos a cos 6) 3 du? 



"2 



+ 



hi sin c -~ — (- cose H, + (^ cos cos cr — u sin 0) — - 5 — S— 
L dw 3 * v r y cos o du^du* 

+ (^ sin cos a + u cos 0) ■ 8 5 — 5— <M , 
v r ; sin dw 3 dw 3 J d ' 

which gives for the surfaces % = const, the expression for the linear element 
which we have found before. 
24 
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The system (28) and (30), which must be satisfied by 0, can be replaced by 
the total differential equation 

™ /sin 6 cos a — cos a cos d sin to do \ T 

at) = [ 5 — du, 

\ x du 2 / 1 

,„, x /cos 6 sin o — cos a sin cos « , do \ , 

(3i) -( +g^>u. 

x / cos 9 3 c j sin 6 d 2 a 1 3u \ 

cos cr \coso) du t du 3 sino du z du 3 x du 3 )' 

Since o satisfies equations (8), (18), and (19), the conditions of integrability of 
this equation are satisfied, so that for each value of x there is a general integral 
involving an arbitrary constant ; hence corresponding to each value of x there is 
an infinity of transformations of a given ^.-system into similar systems. 

Bianchi* has called attention to the fact that if we introduce a new depen- 
dent variable in (31), defined by 

tan -^- = A , 

the equation in A is of the Riccati form and consequently when a particular 
integral is known the equation can be integrated by quadratures. From this it 
follows that if a transform of a given system is known, all the transforms can be 
found by quadratures. But the latter admit the given system for a transform, 
and hence when the transforms of a given systen are known the transforms of 
the former are given by quadratures. We shall find furthermore that even these 
quadratures are unnecessary. 

We have shown that if a surface of Bonnet Sis transformed by means of 2 
and Ox into Si and by means of 3 and cr 2 into S 2 , there is a function Q given by 



Ol + <*3 

2 



g_ Q sin 2 g g 

tan J -^ k — = tan - J —, - — - , 



sin 



2 

by means of which and a 2 the surface S t can be transformed into a surface S 3 , 
and $2 can be transformed into the same surface S 3 by means of $ and o^. Con- 
sider now an ^.-system 2 and the associated pseudospherical system P. Let X 
be a particular solution of equation (31) for o = o 1 and 2 a particular solution 
for a = cr 2 . The former enables us to transform 2 into another J.-system 2 t and 

*Lezioni, II, p. 540. 
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P into the associated pseudospherical system P,; in like manner we pass from 
X by means of 6 2 to an ^.-system S 2 and from P to the associated pseudospheri- 
cal system P 2 . If the surfaces of Xi are transformed by means of $ and a z we 
get a family 2 S which is the same as is obtained from 2 2 by means of <£> and a x . 
In a similar manner we get from P x and P 3 the same pseudospherical system P 3 . 
But Bianchi has shown* that the system P 3 is a family of Lame, and we have 
shown that the function which transforms one family of Lame of ^.-surfaces into 
a family of this type leads to a similar transformation of all the Combescure- 
Darboux transforms of the given family. Hence we have the following theorem 
of permutability for ^.-systems : 

If 2i and 2 3 are two triply orthogonal A-systems hound to a system 2 by two 
transformations of Bdchlund of constants x 1 and x 2 , there is a transformed system of 
B x of constant x% which coincides with a transformed system of B 2 of constant x x . 
From this result we pass at once to the following theorem : 
If one knows how to find all the transforms of an A-system for all values of x, 
the determination of the transforms of the latter requires only algebraic processes and 
differentiation. 

§5. Weingarten Systems of A- Surfaces. 

When in particular the function JJ 3 is a constant, which without loss of gen- 
erality can be taken as unity,f the equations (8), (18), and (19) reduce to 

f 3 2 6) 8 2 6) 



(32) 



du\ 
3 
du 

d^ 
du % 



iw. 



- 2 = sin a cos a , 



/ 1 d 2 a \_ 
x vcos a du x du 3 ) 



da , 1 da 

cos a o h ~ ^ — 

ou 3 sin a du, 



/ 1 d'a 
\sin a du 2 du 3 



a 



du x du 2 du 3 



cot a 



) = 

da 



sin a 



"a 



da 



2 

da 



diiodito 



"a 



du s cos a du x du x du 3 



da 

tan a ^— 



a 



du x du z du 3 ta,u w du 2 du x du s 
Bianchi J has shown that this system may be replaced by the equivalent system 



f d z a d 2 a 



(33) 



lu% 



Sin G) cos Q, 



/ 1 d 2 a \ 
Vcos a du x du 3 ) 



+ 



1 



a 



\sin a diudw 



,)-©=-(«.). 



*Lezioni, II, p. 541. 

f Bianchi shows, 1. c, p. 528, that the total curvature of one of the surfaces « 3 = const, is -yif 5 . 

If Lezioni, II, p. 550, 
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where F(u s ) is a function of « 3 alone. Three cases present themselves accord- 
ing as this function is positive, zero, or negative. As no restriction has been 
placed thus far upon the parameter « 3 , it follows that it can be so chosen that 
we have the three cases 

(34) F(u s )= + 1, F(u s ) = 0, F{u 3 ) = — 1. 

From (4) and (22) it follows that, for all of these cases, when the surfaces 
« 3 = const, are pseudospherical we have 

— = — tana, — =cota> 

and consequently all the surfaces t% = const, \have the same total curvature. 
Since Weingarten was the first to discover the existence of pseudospherical 
systems with this property, Bianchi has called them the systems of Weingarten. 
In consequence of this we shall refer to all systems for which U 3 is constant as 
Weingarten A-systems. 

Bianchi* has shown that a Backlund transformation of a system of Wein- 
garten of any one of the three types (34) leads to a system of Weingarten of the 
same type. Since all of this refers only to the spherical representation we have 
the theorem : 

BacJclund transformations of an A-system of any of the Weingarten types give 
systems of the same hind. 

If we denote by 6 the angle which the principal normal to a curve of para- 
meter w 3 , drawn in the positive direction, at the point where it meets S makes 
with the positive direction of the tangent to the curve u z = const, on S through 
the point, it is found that r> o 

cos0 = --gj ^- log Sa, 

which, in consequence of (15) and (16), become for the case where F(u 3 ) is zero 

in ( 33) a da 1 a 2 o) . a do 1 d*o 

cos V -o — = — o — o- , sm 



du s cos o du x du% du s sin a du z du s ' 

Since o must satisfy equations (18), we get that must satisfy the system 

do . dd_ 



+ p, — = — cos v sm o, 



~o \- -* — = sin v cos o 

ou z au x 



tlb., p. 563. 
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and from the preceding we have 

cos 6 3 2 o sin 6 3 2 a da _ 

coso) du x du 3 sino du z du 3 3% ™ 

But these are the forms which equations (28) and (30) take for x equal to unity 
and c a right angle. Again, since F(u 3 ) is zero, the second of equations (33) is 
of such a form that there is only one value of 6 satisfying the above equations. 
Hence the theorem : 

The osculating planes of the curves of parameter u 5 , at the intersections of the 
latter with the surfaces w 3 = const., envelope complementary transforms of the surfaces 
u 3 = const, and form the only system of Lame composed of such transforms of the 
given system. 

Since it was seen that % in (28) is a constant, it follows that for cr to be a 
right angle U s must be constant. We have just seen that when F is zero there 
is only one transformation of this kind. In a similar manner it can be shown 
that when F is positive there are two transformations, and none when F is 
negative. 

§6. Systems of Moulure Surfaces. Lines of Equidistance. 

We have seen that, when a does not involve u z , ty also is independent of 
this parameter. We shall now consider this case. 

Equations (8), (18), and (19) which determine a reduce to 

d 2 a d 2 a sin a cos a 

du\~du\~ U\ ' 
1 3 /cos o\ 1 da d z a _ 

U 3 3m 8 \ U 3 J cos a dux du t du 3 ~ ' 
3 / 1 3 2 q \ __ J_ 3 /sin a\ 
3« x \cos a du x duj U 3 3% \ U 3 J ' 

of which the last is a direct consequence of the first two and these can be 

replaced by 

,„„, /da V , cos 2 o 

( 35 ) (durJ + -uT= c > 

where c is a constant. 

The general integral of this equation is 

cos a = sn (r, %) 



where 



* = — +/(**), 
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the functions / and U 3 being arbitrary functions of u 3 and a an arbitrary con- 
stant. From (7) and (15) it follows that H x and H 3 are independent of u 2) and 
hence from (14) it is seen that F x is a function of u x alone. The first and last 
of equations (27) for the determination of <p are satisfied identically and the 
second reduces to 

(36) 2£._**_ , A.(S)9* + cob O ^ = o 

W 3mj du s ' du 3 \ W / du x du s 

For each integral of this equation the corresponding functions F t and F 2 are 
given by (20) and (21) and then the triple system is completely determined. 

Since a does not involve u 2 , the spherical images of the lines of curvature 
u 2 =■ const, on the surfaces u s = const, are great circles with a common diameter 
and consequently the latter are moulure surfaces, and for the surfaces the curves 
u 2 = const, are geodesies, which is evident analytically owing to the fact that E x 
does not involve w 3 . Moreover, the functions H 3 are independent of u 2 and conse- 
quently the lines of curvature u 2 = const, on the surfaces u x = const, are 
geodesies. Again, from the general expressions (4) for the principal radii of the 
surfaces u 2 = const, it is seen that the latter surfaces are planes — the planes of 
the lines of curvature in one system on the surfaces u 3 = const, and u x = const. 
From this it follows that the latter surfaces also are moulure surfaces with the 
same cylindrical generator as the surfaces u 3 = const. Since the most general 
moulure surface is generated by a plane curve whose plane rolls without sliding 
over a cylinder, it is evident that the most general triple system with a family 
of moulure surfaces is obtained by tracing a family of curves and their 
orthogonal trajectories in a plane and rolling the plane over the cylinder, thus 
generating two families of moulure surfaces which together with the different 
positions of the plane form a triply orthogonal system. 

Consider now the case of Weingarten systems of moulure surfaces ; without 
loss of generality we can put JJ S and c equal to unity in (35), in which case the 

latter reduces to 

do 

(37) ^ = Bin o, 

which can readily be integrated giving 

u «1+/(U S ) 

(38) tan-2~=e , 

where / is an arbitrary function of u 3 ; but as no particular choice has been 
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made of the parameter u 8 in deriving the general equations (8), (18), and (19), it 
follows that in all generality this function of u 3 can be replaced by u 3 alone. 
When this value for a is substituted in equation (36), the latter becomes 



d / . d& \ 



h v 
of which the integral is 



where % an d 4> are arbitrary functions. When this substitution is made in the 
second of equations (21), it is found that 

1 du x 

and from the first of equations (20) it follows that F 2 is an arbitrary function of 
Ug. Gathering together these results we have the following expressions for the 
fundamental coefficients of a general Weingarten system of moulure surfaces: 

h x = cos u [Ya* +4,]-f*^ dUs+ y 

1 \y sin w J ^ sin o 3 ~ *> 

ff 2 =sin a [f^ +t]-fzdu 3 +F 2 (u 2 ), 



(39) 



H* = 



da 
du 3 ' 



where $, F 2 , and % are arbitrary functions of u x , u z , and u 3 respectively. 

We have shown elsewhere* that the linear element of a moulure surface 
can be given the form 

ds 2 = U\du\ + [ U t —J'U X cos Uy du x ] du\, 

where JJ X and JJ % are functions of u x and u % respectively and the function cos u x 
arises from the choice of the spherical representation. At the same time it was 
found that the function U 2 determines the character of the cylindrical generator 
and Di the form of the generating curve of the surface. Comparing this result 
with (39), we note that the functions % and $ determine the families of curves 
generating the two families of moulure surfaces and F % fixes the form of the 
cylinder. 



*Surfaces whose lines of curvature in one system are represented on the sphere by great circles. Amer. 
Journ. Vol. 25, p. 359. 
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In consequence of equations (15) and (16), the second of equations (33) can 
be put in the form 

or 

(40) A H 3 = F(u 3 )+^, 

where Afig denotes the first Beltrami differential parameter formed with respect 
to the linear element of the surfaces u 3 = const. 

ds 2 = H\du\ + E % du%. 

Upon these surfaces there is a family of curves, defined by the equation H 3 = 
const., which have the property, as is seen from (1), that along such a curve the 
distances to the next surface of the system are constant ; on this account they are 
called the curves of equidistance. From the theory of geodesic lines* and equa- 
tion (40), it follows that the curves of equidistance on the surfaces % = const. 

are geodesic parallels when ty is a constant or a function of H 3 , or what is the 

^\ 

same thing as the latter when d> is a function of ~ — . Consider now the case 

du 3 

whereupon equations (21) become 

Sin ° W 3 duju-/ = (*•- J &mQ du* du du^' 

3o) a 2 o> ,, /„ r d$ , \ a 2 (o 

o2„ 32,. 

If neither _ nor _ „ is zero, these equations reduce to forms from which 

OUiOUs OU % OU 3 

f can be eliminated giving 

tan ^(F^—J cos a *£- duA = F 2 — J sin a -*£- du s . 

Differentiate with respect to u 3 ; this gives 

which is possible only in case $ is constant and F 1 is zero, which leads by the 
former equation to the necessity of the vanishing of F % . We have seen that 

*Bianchi, Lezioni, I, p. 193. 
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these conditions characterize the pseudospherical systems of Weingarten. We 

have seen that both « — ~— and ^ — ^— cannot be zero, so it only remains to con- 
OUiPUs ou<f)u 3 

p, 

sider the case where the latter vanishes ; then ~ — vanishes, and consequently the 
surfaces u 3 = const, are moulure surfaces. The second of equations (41) becomes 

cos a ^ — /' = F, — / cos a ^~- du*. 

Differentiate with respect to u s ; the result may be written 




2/'H-/"- a . da 



= tan a ^ — > 



dul \ ,, da f du 3 

' du 3 

where primes denote differentiation with respect to the argument. This equa- 
tion can be integrated with respect to u 3 with the result 



Tp (ai)=- lo ° ;icosa ' 



where the form of the function *P is not essential and X is a function independent 
of u 3 • this equation may be written 

(42) ^T=F(% cos a). 

Since o is independent of w 2 , Jl also is independent of this parameter. Express- 
ing the condition of integrability of equations (37) and (42), we get 

cos o F= (^ — coso — sm 2 a%)F'. 

As F' cannot be zero, we write this equation in the form 

F _ 3X shrto 

( 43 ) .F'-a^-cosc/' 

and differentiate it with respect to u 3 ; this gives 



FF" 



(44) -jm=— sec "• 

Now differentiate (43) with respect to u x and in the reduction make use of (44) ; 
this gives 

ax a** 

2o— = coso- 



25 
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Since a must involve u 3) this equation can be satisfied only when h is constant; 
hence equation (42) can be written 

3" 7-!/ X 

in which case equation (43) reduces to 

F' _ cos a 
~F~~~sm 2 a> 

from which it follows that in the most general case F is equal to sin a. This 
result and (37) gives for o the value 

tan-^- = e Ml + M % 

which has been seen to be the value for all Weiugarten systems of moulure 
surfaces. Hence the theorem : 

The lines of equidistance in a Weingarten system are geodesic parallels when 
the surfaces u 3 = const, are pseudospherical or moulure, and only for these systems. 

§7. A-Syslems with the Curves of Parameter u s Plane. 

It has been seen that when the surfaces u 3 = const, of an ^.-system are mou- 
lure surfaces the curves of parameter u s are plane curves. We seek now for the 
other .^.-systems having this property and shall exclude from the discussion the 
former systems, that is, we assume that o involves all three parameters. 

From the expression (5) for the torsion of the curves of parameter u 3 and 
the fundamental equations (15) and (16) it follows that the necessary and 
sufficient condition that these curves be plane is that o satisfy the equation 

Uk) 8/ 1 d 2 a / 1 3 2 a \_ 

^ ' du 3 \cosg) du x du 3 / sin o du 2 du 3 J 

This equation can be replaced by the system 
(46) 



1 3 2 o „ da 

A cos a 



cos a) du x du 3 du s ' 

1 d 2 a „ . da 

= lsma 



Sin 6) QU 2 OU 3 OU 3 ' 

where a is a determined function of u x and u t , and "k is an auxiliary function. 

Ribaucour* was the first to show that if one considers a surface S of one of 
the families of a triple system and constructs the osculating circles of the 

*Bianchi, Lezioni, II, p. 487. 
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orthogonal trajectories of S at the points of intersection with the latter, the double 
infinity of circles form a cyclic system. Moreover, Bianchi* shows that, if the 
orthogonal trajectories of iS are plane curves, then for the triply orthogonal sys- 
tem of which the surfaces orthogonal to the cyclic system constitute one family 
the lines of curvature have the same spherical representation as for the given 
triple system. From this it follows that if the condition (45) is satisfied there is 
a corresponding J.-system for which the carves of parameter u 3 are circles. We 
proceed to the consideration of this special system. 

Prom (5), (14), (15), and (16) we have for the radius of principal curvature 
of the curves of parameter u 3 the expression 

1 _ 1 f/ 1 8 2 g) Y / 1 8 2 a Y"| 
(47) jR! 2 / do y[_\cos a dufiuj "•" Vsin a du 2 du 3 J J ' 

which by means of (46) can be written 

Hence the necessary and sufficient condition that the curves of parameter u 3 be 
circles is that $ be of the form 

(47') *=H 

where ^ is a function of Ui and u 2 . Expressing the fact that this value of $ must 

satisfy equations (21) and making use of equations (46) in the reduction, we get 

. a log a, , a^ r_ . r . aa, , i . 
.aiog^ , a^ r^ i C z\ , i 

*-d U r + d^=l F i-'tJ cosoj^^Jcosa. 
Differentiating with respect to u 3) we get for the equations to be satisfied by X 

do a 2 log a, a 2 6> a log a _ 

. du 3 du 2 du 3 ' du 2 du 3 du 3 ' 

_36>_ _a 2 jog ji a 2 a aiog^ _ 

du 3 du x du 3 ' du x du 3 du 3 ' 

which are readily found to be compatible by means of equations (18). If the 
values of X given by equations (46) are substituted in the above equations they 
are satisfied identically. Hence whenever u satisfies (45) in addition to the 

* Bianchi, Lezioni, II, p. 498. 
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fundamental equations (8), (18), and (19), it only remains to determine 4 1 from 
equations (48) and then the ^.-systems with the given representation and with 
circular curves of parameter v 3 are known. The compatibility of the system (25) 
of which (48) is a particular case, has been established and from the form of the 
latter it is seen that 4> can be determined by quadratures. 

Equations (49) are satisfied identically when 2, is independent of u 3 . We 
shall consider this particular case at length. Now equations (18) reduce to 

3a 1 d , 

-~ — = a cos a sin o + ^ — = -5 — a cos a, 

, , au, ' 2, sin a du„ ' 

(M) *• A • ji a , • > 

-5 — = — U sin a cos u + = 5 — A sin a ) , 

ou 3 \ ' /I cos a ou x J ' 

and equations (19) can be put in the form 

da r 1 8a, / 2 _ Jj^\~| _ sin a 3 / 1 \ 

3m 3 Lcos a 3«! ~*~ \ " TJ\J\~~ Z7 3 3m 3 \C/3/' 

9(j f 1 d% . / 2 _ 1 \~| _ cosg) 3 / 1 \ 
du s |_sin a 3« a a \ ~ U\ ) J ~~ £T a 3m 3 \ U 3 J ' 

Multiply these equations by cos a and sin co respectively and add ; again by 
sin a and — cos and add ; this gives 

cos a d% , sin 3/1 



cos 



« 8^ smo 8^ / ,_1N 

a 8w a ' sin a 3w 2 'V £/§/ ' 



sin o 3^ cos a 3^ _ -^— 1 3 / 1 \ _ 
cos a Zu x sin a 3u 3 ~— - JJ 3 du 3 \U 3 J 

Expressing the fact that o, as given by (50), is a solution of (8), we are brought 
to the equation 

sin a 3X , cos u 3l , /„, 1 \ . 
cos a 3%! ' sin a ou 2 ■ \ 1/3/ 

(52) _^ a ^ * a , ^ 1 a /' 1 a ,•^^ 

+ -5 — ( ■= — = 3 — ^ cos a ) + 5 — ( ~ o — /I sm a ) = 0. 

3m x V a, sin a 3m 3 / ' ou 2 \ % cos a 3w x / 

Since X is independent of w 3 , for the expression A 3 ^n ^° De zero > both X and £/" 3 

must be constant in which case equations (51) and (52) are satisfied. Assuming 
this function to be different from zero, we eliminate it from the first of (51) and 
(52) and get 

sin 3 a 3JI , cos 3 o 3^ 3/1 3. \ . 3 / 1 3 , . \ . 

o r- 5 h o~( ^ — : a — X cos a + o - I ~^ 5 — * sm a = i 

cos a 3w x sm a ou 2 ' dWxV/lsm a3« a / dw 2 \AcosaoWj / ' 
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which is an impossible equation as a cannot be independent of u 3 . Hence 
when 2, is independent of u 3l it is a constant and the corresponding ^.-systems 
are Weingarten systems. Without loss of generality equations (46) can now be 
written 

1 3 2 g) 3o> 



(53) 



= cos a -j ... , 



«! du 3 ou 3 

l 3 2 6> . 3(j 



■ = sin a 



sin o 3w 2 3m 3 3m 3 ' 

and equations (50) reduce to 

do , da 
-3^ + -j^= cos asm «, 

-5 h "5 — = — sin a cos a. 

Now the expression for JR 3 reduces to 

M 3 = q>, 

with <£> a function of u x and w 2 . Conversely for $ to be a function of u x and u 2) it 
is necessary (27) that 

1 3 g c j . , . 3t) 1 3 3 o . , .So 

cos 6) 3^! 3t< 3 ^ ^ l ' 2 ' du 3 ' sin o du % du 3 •' 2 v i> 2J g M3 > 

where f and / 2 are independent of m 3 , which reduce as we have seen to cos a 
and sin a in (53). Hence the theorem : 

Where cp is a function of u x and u 3 and independent of u 3 , the curves of para- 
meter u 3 are circles. 

In arriving at this result we excluded the case where either w x or u % does not 
appear in <p. It was shown earlier that in this case the surfaces of two families 
of the system are moulure surfaces and the others are planes. To get the 
systems with $ independent of « 2 and u 3} in which case the curves of parameter 
u 3 are circles, it is only necessary to draw a family of circles in a plane and their 
orthogonal trajectories and rotate the plane about a cylinder. 

It remains to consider in this connection the case where q> is a constant. 
We have seen that the surfaces u 3 = const, are moulure surfaces, which need not 
be considered in consequence of the above remarks, or pseudospherical surfaces. 
From (47') it follows that in this case X does not involve u 3 , and consequently 
both /I and ^ are constants, so that B 3 is a constant. When equations (53) hold, 
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the second of (34) is verified; and when the latter obtains, the curvature R 3 for 
the corresponding pseudospherical system is constant, so that Bianchi refers to 
such a system as a system of Weingarten of constant curvature. We have then the 
following theorem : 

The only pseudospherical systems for which the orthogonal trajectories of the 
pseudospherical surfaces are circles are systems of Weingarten of constant curvature 
and all the circles are equal. 

Now the equations (54) define the pseudospherical surfaces u 3 = const, as 
the transforms of the pseudospherical surface whose linear element is 

ds 2 = cos 3 a du\ + sin 2 a du\. 
Hence the theorem : 

Every Lame system of pseudospherical surfaces whose orthogonal trajectories 
are circles is composed of the Bianchi transforms of a pseudospherical surface. 

We have shown* that all the transforms under angle — of an J. -surface S are 

arranged in such a manner with respect to S that the points on these transforms 
corresponding to a given point on S lie on the circumference of a circle whose 
axis is normal to S at the given point and consequently the circle cuts all the 

transforms orthogonally. Hence the transforms of an J.-surface under angle « 

form a family of Lame with circular orthogonal trajectories. 

It has been shownf likewise that if an ^.-surface be transformed so that the 
tangent planes to the transforms make the same angle cr with the tangent plane 
to the given surface the points of contact of the former corresponding to the 
similar point for the latter lie on the circumference of a circle whose axis is 
normal to the given surface at the given point. It is evident that for this case 
the curves of parameter u 3 are not orthogonal to the surface, where we have 
denoted the transforms by u 3 z= const., unless cr is a right angle. 

It remains to be seen whether there are families of transforms for cr a func- 
tion of u 3 such that they form part of an J.-system. From our previous discus- 
sion it follows that all. the pseudospherical surfaces associated with these trans- 
forms are the transforms under the corresponding angles a of the pseudospheri- 
cal surface associated with the given J.-surface. Moreover, the ^.-surfaces will 

* Surfaces with the same etc. 1. c. p. 138. f 1. c. p. 152. 
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not form part of an J.-system unless the associated pseudospherical surfaces form 
such a system. It has been remarked that the points of contact of the trans- 
forms of a pseudospherical surface of whatever angle c lie in the tangent plane 
to the given surface at the corresponding point. Hence for the system under 
consideration the curves of parameter u 8 lie in the tangent planes to the given 
pseudospherical surface and hence cut the tangent planes to the transforms under 
an angle different from a right angle. Hence we have the theorem : 

The only family of BdcTclund transforms of an A-surface forming part of an 
A-system is the family for which a is a right angle. 

This result suggests the inquiry as to whether all ^4-systems with circular 
orthogonal trajectories and with <£> a function of w x and u 2 are obtained in this 
way. For this case a is given by (53) and (54), and equation (8) in which U s 
has been replaced by unity. Equations (54) give a transformation of angle 
a -f n for each of the surfaces u 3 = const, such that the lines of curvature on all 
these transforms have the same spherical images, the linear element of the sphere 

being 

da z = sin 2 a du\ + cos 2 a du\. 

The linear element of each of these transforms is of the form* 
_fdH 1 , _ do ,. \» , (dH % _ do 



ds 2 



= (a^ 1+ ^^- ;iC0Sa )^ + (a^-^aJ- ;isina )^' 



where % = E x cos a + H z sin a. It is evident that H 1} H 2 and o are functions of 
u 3 . But by means of (12) and (53) it is readily found that the coefficients in 
the above expression are independent of u 3 , so that all the transforms coincide. 
Hence the theorem : 

The A-systems for which <j> is a function of u x and u 2 are composed of the trans- 
forms of an A-surface and their circular trajectories. 

And since equations (53) are a consequence of (54) we have the converse 
theorem : 

For all A-systems formed of the complementary transforms of an A-surface the 
function $ is independent ofu 3 . 

§8. A- Systems with the Curves of Parameter u x Plane. 

We have seen else where f that the lines of curvature in both systems are 
plane for moulure surfaces and that there are certain ^.-surfaces on which the 

* 1. c. p. 131. t Certain Surfaces with Plane and Spherical Lines of Curvature, 1. c. p. 50. 
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lines of curvature in one system are plane. ^.-Systems with a family of moulure 
surfaces have been considered so that we propose now a study of those ^.-systems 
for which the curves of parameter u x are plane. For this we must have * 



(55) 



do 



where (i is independent of u lf or the equivalent condition 

da 



(56) 



~ = a, sin o, 



where a, does not involve u % . If these values be substituted in equation (8), the 
latter becomes 

dp 3/1 



(57) 



cos 0) = • 



du„ 



8mj 



*\ 2 2 

* -fl- JJW 



Eliminating a from this equation and (55), we get 

w (^-.« 8 -^)-(t) ! =I(^-"'-^)-(tJ. 



which upon differentiation with respect to u t becomes 



3/w 
du. 



a 2 A 



/ 3w a v 6 ' 8 ' d " 2 



= 0. 



If 5^- is equal to zero, it follows from (57) that o does not involve u 2 , and conse- 

quently we should be dealing with a system of moulure surfaces. Equating to 
zero the expression in the parenthesis and differentiating with respect to u lf we 

get 

3 3 A 
3 



du x \ 3/1 



4»3 = 0. 

3wj 



3% 



* Certain Surfaces with Plane and Spherical Linea of Curvature, 1. c. p. 50. 
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Upon integration this becomes 

where a and b are at most functions of u 3 . If this value be substituted in (58), 
it becomes upon integration 

It is readily found that a and b cannot be zero at the same time. 

For the second of equations (18) to be satisfied when a is given by equations 
(55) and (56) it is necessary that X be independent of u s , hence a and b are con- 
stants in the above expression. Noting this fact, we make a similar substitution 
in the second of equations (19) and get 

2 ^l? 2 + sino J^-^-l7i) = - 

If a be eliminated from this equation and (57), the result is 

which equation is found to be satisfied identically when «— and ^- are replaced 

by their above expressions. Hence given two solutions X and (i of the above 
equations in which a and b are arbitrary constants and U 3 is an arbitrary func- 
tion of u 3 , then o given by (57) determines the spherical representation of a 
whole group of ^.-systems in which the curves of parameter w x are plane. 
By means of (56) the second of equations (21) can be reduced to 

(59) |£ = ( J ' 1 -/ COBO l£*0 : 



IX. 



If this equation and (56) be differentiated with respect to u 3 and cos o eliminated 
from the resulting equations, one gets 

da 3 3 ^_ dq> 9 2 a _ 
du% du$u 3 ' du 3 du x du 3 ' 
26 
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of which the general integral has the form 

= / n/( £ l * ) <to^*K«O> 



■f 



do 

duo 



where / is a function independent of u lf and $ does not involve w 3 . When 
this value is substituted in (59), it is found that 



dUy 



and from the second of equations (20) it is found that F 2 is a function of u 2 alone. 
Since <p must satisfy the third of equations (27), one finds at once that the func- 
tion/^, u 3 ) is an integral of a partial differential equation of the second order 
of the Laplace type. The functions ^ and F 2 are determined by the equations 
of condition (20) ; it is readily seen that the equation for the former is reducible 
to the form of an ordinary linear equation of the first order. Later we shall 
find particular ^.-systems of the kind which we have here considered in general. 
In the ^.-system of which the surfaces w 3 = const, are moulure surfaces the 
curves of parameter u x and of parameter w 3 are plane. We inquire whether there 
are any other ^.-systems having this property. Now w must satisfy equations 
(46), (55), and (56), of which, as we have seen, the last can be written 

1 da „ 

— U u 



where TL is a function of u, alone. If this value of ~— be substituted in the first 
1 d«i 



sin a dUi 

action of u x aloi 

of (46), one gets 

a, cos a = U 1} 

from which it follows that "k is independent of u 3 and consequently a constant ; 
and moreover a is a function of u± alone. Again, since "k is constant, the system 
is a Weingarten system and hence from (58') we have that (i does not involve u s . 
From the second of (46) and (55), we get 

(i = /L sin a tan o, 

which is an impossible equation, since a must involve u 3 . Hence 

Moulure A-systems are the only ones in which the orthogonal trajectories in two 
systems are plane curves. 
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§9. A-Systems with the Curves of Parameter i% of Constant Curvature. 

We have met with pseudospherical systems for which all the curves of para- 
meter u 3 have constant principal curvature. We seek now all ^.-systems which 
have this property and without loss of generality can take the radius of principal 
curvature equal to unity. 

For this case we have from (47) 

d 2 a V , f J_ d 2 a \ 8 _ 2 f da 



(60) 



C— ^-T+C— 7TTT) =*(£-) 

Vcos a ou x du^J Vsm a ou % ou 3 J r \ou 3 /. 



In accordance with this relation we introduce an auxiliary function a denned by 



3 2 6> 



da 



(61) 



o — 5 — == $ c °s a o — 

COSG) QU X QU 3 r dW 3 

1 3 2 t) . da 

-■ -s — o — = 4>sina^5 — 

sm a ou 9 ouo T oils 



"1 v<*3 t/«. 3 

In consequence of these relations equations (18) can be put in the form 
f^_-_*««^^3a , da\ 



(62) 



^-= — $cota( ^ f- ^ — J — <£ 2 cosa coso, 

deb . / da , da \ „ . 

and in place of (19) we have 



a^= ^ tana ^+8^J-^ C0SaC0Sa + 



(63) 



3$ _ 



/iiJ?V 



3 /sin o\ 
" Bmb\~S f7 3 J 

TT ^6) ' 



3 /cosco 



3$ , /3a 3u \ „ . . 3m„V £T„ 

-^-s- = — <fc cot a I 5 r- ^ — J — dr sin a sin a* — - - J 



) 



Z7 3 sina 



3d) 



7Ms 



Equating the above expressions for ~2- and J±- , we get 



( da da \ 



sin a 



sino 



(64) 



♦ ( 



7a 



+ 



3a\ 



cos a 



3w 3 3M] / 



+ 



3m 3 _W7 3 
3g> 
~3w 3 

3 /cos 6) 
3mA Z7 a 



) 



3 ' 



= 0, 



U a 



) 



0. 



& 



(76) 
3«3 
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It is readily shown that these equations are consistent when the former conditions 
are satisfied. By means of these relations the equations (62) can be put in the 
form 

3 sin cj 



cos a 



o „ \j\JO U. n 7-7- 

Oty 0U 3 Us 



3_ _ 

3m 1 „ do 

3 cos a 

17, 



$? cos a cos a, 



„ sin a q tt~~ 

3d> du 3 U 3 „ . 

r. = * 2 a-5 sm a sm o ; 

a«2 ^ _9« r 



3w 3 

and these equations are consistent from what precedes. When these values 
are substituted in the first of equations (27), the resulting equation can be 
reduced to 



W ^; + 2cot 2o a^ a«; log F3 



*3 ^3 



(66) + ^rc— &-)'+ (■+- jrr-y- dhi = o- 

1 d |_\cos a (?i«! 3^/ \sin 6) dw 3 dw 3 / Vdt^/ J 

Differentiate this equation with respect to u x ■ the result can be reduced by means 
of (18) and (19) to 

/ . 3 2 o da da\dU s 

l sm ° cos a d^W 3 - d^ -faj W 3 = °- 

In like manner differentiation with respect to u % leads to 
/ . 3 2 o , 3o 3on3U 3 

l sm ° cos ° du^ 3 + "a¥ 3 ay du~ 3 = °- 

Unless U s is a constant, the quantities in parenthesis are zero. For the latter 
case we have upon integration with respect to u 3 

= a tan 3 o, -^ — = b cot 2 a, 



du x ' 3w 2 

where a and b are independent of u 3 . For these equations to be compatible, we 
must have 

-5— tan 4 « + Aab tan o sec 3 « — 5— = 0, 
3« 2 ^ M i 
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which is impossible, for a must depend upon u 3 . Hence U s is a constant and 

(65) becomes 

/ 1 3 2 a y ■ ( 1 d 2 " \ 8 _ f 8fJ V— Q 
\cos 6) 3mj 3^« 3 / "*" \ sin co du 2 duj \ du 3 J ' 

so that 4> is equal to unity in (60). Hence the theorem : 

Pseudospherical systems of Weingarten of constant curvature are the only A-sys- 
tems for which the orthogonal trajectories of the A-surfaces have constant principal 
curvature. 

§10. A-Systems with Spherical Lines of Parameter u x . 

In a former paper* we have considered ^L-surfaces whose lines of curvature 
in one family are spherical. We shall apply certain of the results obtained at 
that time in considering ^.-systems for which the curves of parameter u x are 
spherical. 

One must havef 

(66) H x = a sin a + £g— , 

where a and /? are functions of u 2 and u s . From the first of (7) it follows that 

(da , „ d z a\ 
I du % 
and the second of (7) may be written 

/ da da d z a \ da 

I cos o 5 — « sin a ^ — 5— ) 5— 

\ d^j dw 3 dw 2 d« 3 / d?/ 2 

r a ° a3(J _ a2fJ a2(J - J^^Vli3 = 
L3m 3 3«i 3"! 3^1 3^! du 2 "■" du x \duj y ' 

Differentiate this equation with respect to w 1( and eliminate -J^- and ft from the 

resulting equation and (68) ; this gives 

da da . d s a da d 3 a d z a d z a 

cos a 0—0— — sma 



(69) 



du x du % du x du 2 du% du x du\ du\ du x du 2 



V |~cosg) — — -sin 32 " 1 9 T 
/ 3mj |_ "" Sttj 3« 2 n " 3w x 3m 2 J 3m x j_, 



_3o /^Y 
""" du x \duj 



da 3 3 o d 2 a 3 2 co 



3k 3 3«! 3m| du\ du x du^ 

da / da\ z ~ 



+ 3m 



Hit)*] 

1 V3» 3 / J 



= 0, 



* Certain Surfaces with Plane or Spherical Lines of Curvature, 1. e. p. 60. 
fib., p. 61. 
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an equation which a must satisfy. From the first of equations (11) we get 

TT Vda , , da , 1 da d3 (3 d 2 a 1 

(70) H« = — U s o \- a cot a >> H ~ 5— o^ + -^— o — 5— • 

v y d * \_ou 3 ' cw 3 sm a du t du s sin o ou s 3« 3 J 

If these expressions for ZZj and fi^ be substituted in equation (16), it becomes 

,„ . r 3&> 3a . 3 2 o 1 3/3 r, 3 2 &> 3o 8o>~l 

(71) L MB0 3^3^" mo a^3d^~L 3^h^"^^J a=:0, 

Differentiate this equation with respect to w a and eliminate a and -J—\ this gives 
the following additional condition for a 

/ da da . d z a \ I" da d 3 a d 2 a d 2 a 

\ duy du 2 "S^ du%) \_du x du\ du 3 du\ du t du 3 

( 72 ) + tan ° fe) 3^7 3 J 

__ / 3o Jta . 3 2 o \ r 3o 3 3 q __ S 2 ^ 8 2 cj / 3o\ 3 So - ] 

- \ cos (d du~ 1 dtT 3 ~' sma du x duj [_3% du\ du 3 du\ du, du % + V.3V 3^ J • 

It is readily seen that if a satisfies (69) and (72) in addition to the fundamental 
equations (8), (18), (19), it remains for E x and E z to satisfy (12), which by means 
of (68) and (71) can be brought to the form 

_ . da dCl ~f , da da . „ 

£ smtt W 3 3^- fl L atana 3^ + 3V ma 

( 73 ) , a ( . d 2 a , sinWSoYM 

+ ^ slna M + ooTaKdu-J )j=0, 

where 

d 3 a , da 3 2 o 3o 3 2 a 

du$u$u 3 "Smj 3m 2 3m 3 "•" 3m 2 3m 2 3m 3 * 

By means of (68) and a differentiation with respect to u 1} the functions a, $ 
and 5-^ can be eliminated from (73) thus giving another equation of condition 

for a. When all of tbese conditions are satisfied equations (68) and (71) can be 
written 

(74) 9^ =a ^' D^ = ^ 2 ' 
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where fa and fa are known functions, unless the lines u z = const, are plane, and 
equation (73) is of the form 

. da , n 

with A and [i known functions. Hence unless % is zero, a is given by a quadra- 
ture and ft directly from the second of (74), but the values so found must satisfy 
the first of these equations. When a, is zero, the determination of a requires the 
integration of a differential equation of the second order and (3 follows directly. 
Several particular cases of the foregoing problem can be solved and are of 
interest. 

Consider first the case where 

da_ 3 3 o _ d 2 o d 2 a tan f— Y — — 

which by integration with respect to u x becomes 

1 3 3 «_ _ da^ 
^ ' cos o duties ~f > du 1 ' 

where p is a function independent of %. If this value be substituted in the first 
of equations (18), one gets 

1 d 2 a <k^_ da d§_ d 2 a 

sino du 2 du s ' du x ~ du x du % "^ ° du x du % ' 

For these values the second of equations (18) becomes 

da d 3 a ___ d 2 a d 2 a /da \ a da _ 
du x du\du % du\ du^du^ Kdu^ du 2 ~ 

Then equation (72) is satisfied and also (69), as has been seen before. It is 
readily found that for this case 12 is zero. Hence when a is such that the ratio of 

7s Pi ' an ^3?~ * s dependent of u 1} there is a double infinity of ^.-systems 

for which the curves of parameter w x are spherical. From the investigation* of 
pseudospherical surfaces with spherical lines of curvature it follows that for the 
pseudospherical systems associated with the above -4-systems the curves of para- 
meter m 2 are spherical. 



* Certain Surfaces with Plane or Spherical Lines of Curvature, 1. c, p. 62. 
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If we have 

,_„v do do . 3 3 6) 

(76) cos 6)5 — ^ — — em Mo — 5— = 0, 

that is, if the lines u 2 = const, on the surfaces u 3 = const, are plane, and this 
equation is differentiated with respect to u 3 , it can be reduced by means of (18) to 

,„_. do do . 3 2 o 

(77) cosog — 5 sinwo — 5— = 0. 

By means of (76) it can be shown that this equation satisfies the condition (75). 
Moreover, the above equations can be written 



d_ 
duo 



/ 1 do \ _ 3/1 do \ __ 

Vsin o du x ) ' du. z Vsina du x ) ~ ' 



from which it follows that 

(78) tan -|- = F{u x ) + + {u 2) u s ), 

where F involves only t% and ^ is independent of this parameter. From this we 
have 

(79) JL*L = d± 

and recalling the discussion for curves m 3 = const, plane, we remark that ^ must 
satisfy the condition 

where a and b are arbitrary constants which cannot be zero simultaneously. 
Again we have 



1 da F , 



sin 3«! 
so that for the determination of F we have the equation 

F m - pii + 2aF' s + b. 
Enneper* has given the first integral of this equation in the form 

F'= */a — Acosh2F+Bsinh2F, 

* Gottingen, Nachrichten, 1868, p. 258. 
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where A and B are constants bound by the relation 

B z — A z =b+3a 2 . 

For this value of a equations (68), (71), (73) vanish identically so that a and (3 
are arbitrary functions of u % and u 3 . From (79) it follows that the expression for 
H t can be reduced to 

H l = sina(a + (3^) ) 

consequently the linear element of space for these systems can be written in the 
form 

aV = a s sin 2 a du\ -\- (a cos a + —h — ^— J du\ + TJ\ o 1- « cot o * — du\. 

Hence we have the theorem : 

A function a given by (78) determines the spherical representation of an infinity 
of A-systems for which the curves of parameter u x are circles. 

§11. A- Systems with the Surfaces u % = const. Spheres. 

From the definition of the function a in (66)* it follows that the vanishing 
of a is the necessary and sufficient condition that the spheres, upon which the 
curves of parameter u x lie, cut the surface orthogonally. From the theorem of 
Darbouxf that, when the surfaces in two families cut one another orthogonally 
in the lines of curvature of both they form part of a triply orthogonal system, it 
follows that the vanishing of a is the necessary and sufficient condition that the 
surfaces u 2 = const, are spheres. 

For a to be zero it is necessary in (68) that 

, , da 9 3 6) 8 a a d 2 a ^ da / da \ _ 

*■ ' 3« 2 3m 1 3w§ du\ duplies du^du^J 

and from (71) it is seen that either (3 must be independent of u 3 or the lines 
Wjj = const, be plane on the surfaces u 3 = const. Let (3 be independent of u 3 ; the 
only other equation of condition to be satisfied is (12) which reduces to 

da d 3 a d 2 a d z a d 2 a _ 

du 2 du\du 3 ou% ou z du s ou % au. A ' 

*1. c, p. 60. 

tBianchi, Lezioni, p. 454. 

27 
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and an integration with respect to u % gives 



1 3 3 o da 



^ ' sin o du 2 du 3 3m s 



j 



where <r is a function independent of u 2 . Proceeding with (81) in a manner 
analogous to the treatment of equation (75), we are brought to (80). We have 
then the theorem : 

When the spherical representation of an A-system is such that the ratio of 

- ~ — ^— and p. — is independent ofu 2) there exist an infinity of A-systems with 

the same spherical representation and the surfaces u 2 = const, are spheres. 
The linear element of these systems is reducible to 



U, 



a 2 « 



(82) ds*=(u^dut + lJ^i+ ui\dui + um^^dui, 

\ du 2 / 

where U 2 is an arbitrary function of u 2 alone and the prime denotes differentia- 
tion. From the expression for the principal radius p 31 in (4) it is found that p 21 
is equal to U 2 . Consequently when U t is given a constant value all the spheres 
have the same radius. 

It can be shown that the condition that the lines of parameter u % be plane, 

namely 3 — ( — — 3— ) = 0, satisfies (81) in a manner similar to that followed in 

OU 2 \C0S6) uU^/ 

the discussion of equation (75), and the form of o can be determined in an 
analogous manner. Hence : 

Among all the A-systems with the lines of parameter u 2 plane and having the 
same spherical representation, there is an infinity for which the surfaces u 3 = const, 
are spheres. 

The linear element of these systems is reducible to (82). For this case 

1 j9^__ ;, \ 



cos 



where / is a function of u^ alone. When U 2 in (8 2) is replaced by the reciprocal 
of/, the linear element becomes 

ds 2 = cos 3 a du\ + sin 2 o du\ + JJ\ ( ^— J du\ , 
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that is, the corresponding system is pseudospherical. Bianchi has considered * 
these systems for U 3 a constant and has shown that the surfaces u s = const. 
are surfaces of Enneper with the same axis. When in particular JJ % is a constant, 
these surfaces u 3 = const, are surfaces of Dini ; they have been discussed by 
Bianchi.f 

Having thus considered the case where @ is independent of u 3 in (71), it 
remains to discuss the case where the lines of parameter % are plane. Since p 21 
must be a function of u % alone, it follows for this case also that /3 is a func- 
tion of u % alone. Hence : 

Among the A-systems having the same spherical representation and with the 
lines of parameter u y circular, there is an infinity for which the surfaces u 2 = const. 
are spheres. 

§12. A- Systems with One Family of Surfaces of Bianchi. 

We have shown J that among a group of ^.-surfaces with the same spherical 
representation there are certain surfaces which have the property that the 
spheres described on the segments of the normals comprised between the centers 
of curvature as diameters cut a fixed sphere in great circles, or orthogonally, or 
all pass through the center ; these we have called the surfaces of Bianchi of the 
elliptic, hyperbolic, and parabolic types respectively. We seek for ^.-systems in 
which all the surfaces in one family are surfaces of Bianchi of one of the three 
types. 

Consider a pseudospherical surface S with the linear element 

(8 3) ds i = cos 3 co du\ + sin 2 a du\ f 

where a is a particular solution of the last of equations (6). By X 1} Y lf Z x ; 
X % , Y 2) Z % we denote the direction-cosines of the directions of the lines of curva- 
ture u % = const, and u x = const, on this surface, and we define two functions a 
and ft by the equations 



(84) 



da a da . „ . 

^ — = cos v cos o , o — = sine/ sin 6>, 

^— = e a sin0coso, -^- = — e a costmno, 

ou x ' au 2 ' 



*Annall, vol. 14, p. 115. 

^•Annali, vol. 13, p. 53 

X Surfaces with the same etc., 1. c. p. ISO, 
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when 6 is a solution of the system (34'). Following the method of Bianchi we 
found that a surface of the parabolic type, 2, with the spherical representation 

da 2 = cos 2 $ du\ + sin 3 6 du% 
is given by 

(85) £ = (e a cos + /? sin 6) X x + (e* sin — /? cos 6) X 2 

and analogous expressions for v\ and £. The linear element is 

(8 6) ds % = (e a cos + (3 sin 6) du\ + {f sin 6 — (3 cos 0) d«l . 

Each solution of equations (34') gives a corresponding surface 2 and now 
we inquire under what conditions all of these surfaces constitute a family of Lame. 
It is clear that the pseudospherical surfaces having the same spherical represen- 
tation as these surfaces are the complimentary transforms of the surface S by 
means of the function 0. Consequently this function satisfies the equations of 
condition (8), (18), and (19), and since E l and H 2 in (86) satisfy equations (7), 
the only remaining condition is (12), which in consequence of (84) can be 
reduced to 

(87) e «|^ + 3|0=O. 

v ' au s ' au 3 

From this it is seen that, when a is known, /3 is given directly and it is readily 
shown that this value satisfies (84). Since o in (83) is independent of u 3) equa- 
tions (34') become upon differentiation with respect to u 3} 
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so that the first of equations (84) may be replaced by 
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when U 3 is an arbitrary function of u 3 . Then from (87) we have 



P = 



u *du? 



du 3 



where the prime denotes differentiation. By means of (11) the coefficient H 3 
is readily found, so that we get for the linear element of the system 



(89) ds 2 = (e* cos + /? sin 6f du\ + (g- sin — p cos Of du\ + (fS^— P^j du 



2 

3- 
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From (88) it follows that the lines of parameter u 3 in this system are plane 
curves. 

We consider now a pseudospherical system of Weingarten with the linear 
element 

(90) ds 2 = cos 2 u du\ + sin s « du% + ( =— J du z 3) 

and inquire under what conditions each of the pseudospherical surfaces admits a 
complimentary transform with which is associated a surface of Bianchi of the 
parabolic type in such a way that the latter surfaces form a family of Lame. 
From the results of the general discussion of Backlund transformations it follows 
that for the transformed system must be a solution of equations (34') and (30) 
of which the latter reduces to 

cos 3 2 o sin d z a , do 

^ ' cos o du x du 3 sin o du 2 du 3 "*" du 3 

We have remarked that such a solution is impossible when F(u s ) in (33) is nega- 
tive and subsequent developments will show that for the case under discussion 
F(u 3 ) cannot vanish. Moreover, it was seen that so determined satisfies equa- 
tions (8), (18), and (19), so that only (7) and (12) remain to be considered. But 
the former is satisfied by 

H x = e a cos + (3 sin 0, E s = e a sin — /? cos 0, 

and then the latter reduces to (87). Differentiate the latter with respect to w 2 ; 
by means of (34') and (84) this can be reduced to 

, . / 1 3 2 g> fl 3a\ n a • /)9a _ 

^ ' Vcos o du t du 3 ' du s J ^ du 3 ~ ,y * 
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Eliminating (3 between this equation and (87), we get 



/no\ 3a T 1 3 2 w 3a 1 . . /) do 30 

(93) 5— 3 — jp- -f cos 6 -5— +sm^ ^— ->>— = 0. 

v ' dw 3 Lcos o dM : dw 3 ■ ou 3 J 3w 3 3« 3 

If the expression in parenthesis were zero, equation (91) would reduce to 

1 3 3 g> . . da 

— sin -o— = 0, 



sin o 3m 2 3w, 3mo ' 



and consequently the original pseudospherical system would be one of constant 
curvature, which has been excluded. Hence a is given by (84) and (93) to 
within an additive constant and /? directly by (87). All the conditions of 
integrability are found to be satisfied and consequently we have a family of 
surfaces of Bianchi of the parabolic type with the linear element (89) where 
a and (3 have the above values. The above results were obtained by Bianchi * 
by a straightforward treatment of triply orthogonal systems, but we have seen 
fit to deduce them in a different manner as an example of the general theory of 
transformations of .4-systems and especially as they furnish the basis of an 
investigation of the possible existence of systems of surfaces of Bianchi of the 
elliptic and hyperbolic types. 

In order to make clear our procedure it is necessary to recall a theorem of 
Bianchi : f If one takes any surface 2 of the parabolic type and a sphere S 
with center at the origin, the circles normal to 2 and which cut the sphere in dia- 
metrically opposite points, or orthogonally, admit an infinity of normal surfaces 
which are in every case surfaces of the parabolic type and the axes of these circles 
are cut orthogonally by a family of surfaces of the elliptic type in the former case 
and of the hyperbolic type in the latter case ; when S reduces to a point the surfaces 
normal to the axes are of the parabolic type. Hence with every surface of the 
parabolic type we can adjoin a surface of the elliptic, hyperbolic or parabolic 
type after the above manner. 

Let the given parabolic surface 2 be defined by (85). Then the rectangular 
coordinates of the adjoined surface are J 

(94) x = [i I e« - ((3* + *) e~ a } cos 6 + /? sin 6] X, + [} {e* - (^ + *)<r- [sin 6 

— (3cosO]X 2 — tX 3 , 
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and similarly for y and z, where t is given by 

^ = [i |e a — (/3 2 + x) <r" } cosfl + sin 0] sinco, 

(95) J 

g^-= [i | e «— (/3 2 + *) e — | sin - /3cos0] coso, 

where x being constant which is positive or negative according as the surface is 
of the elliptic or hyberbolic type, and vanishes when it is of the parabolic type, 
and o is given by (34'). For this case we have 

We consider now the parabolic system whose linear element is given by (89), 
the function a being determined to within an additive constant by (84) and (93) 
and /? directly by (87), and determine the conditions under which the surfaces 
associated with these parabolic surfaces in the manner mentioned above form a 
family of Lame. These adjoined surfaces defined by (94) have the same spheri- 
cal representation as the pseudospherical surfaces (90) and consequently a satisfies 
all of the equations (8), (18), and (19). The expressions for E l and E 2 given by 

(96) satisfy equations (7) and the remaining condition (12) can be reduced to 

When the value for t obtained from this equation is substituted in (95), the 
latter become in consequence of (87), (92), and (96) 

( e — 4- 1 d 2a \^ x „ 

\ du 3 ' cos o duydu^J du 3 ' 

/ . „ da 1 3 2 g) \ dx 

[ sin 6~ — + ^s-^- ) g— = 0. 

\ du s ' sin 6) ou 2 ou 3 / du 3 

The quantities in the parentheses cannot vanish unless the original pseudospher- 
ical system has constant curvature, which is contrary to hypothesis. Hence x is 
a constant, and when a and /? are determined in the manner remarked above 
there is a system with the linear element 

ds* = [J \e + (/3 2 + x) e~ a }cos o + t sin g>] 2 du\ 
(98) +[h\e" + (P* + x)<T'\amQ — t cos o] 2 du\ 

+ [iK + 0S , + *)«-"}--|y^iij l 

where t is given directly by (97) and all the surfaces of the family are of the 
elleptic, parabolic, or hyperbolic types according as x is positive, zero, or negative. 
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In our previous discussion of surfaces of Bianchi it was shown that the com- 
plementary transform of the surface, defined by (94), by means of the function 6 
appearing in these expressions leads to the surface (85) where a, /?, 6 are the 
same as in (94). It follows therefore, that the parabolic system with the linear 
element (89) is one of the two ^.-systems which are the complimentary trans- 
forms of the system (98). The other transformed system also is parabolic, as we 
have shown in considering individual surfaces, and the linear elements of the 
transforms are given by 

ds 2 = \ e« + (/? 3 + x) e~ a }cos 6 4- sin 6 + f \e a + (/? + x) e~ a [cos 0'] du\ 
+ h i e *— (P* + x ) e ~ a i sin e — P cos e + y K + (P 2 + *) e ~ a i sin #'] du\, 
where 6' denotes the second solution of (91). 
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